Clarke's classical model of mobile radio reception assumes isotropic rich scattering around the mobile receiver antenna. The assumption of isotropic scattering is valid only in limited circumstances. In this contribution we develop a generalized Clarke model, which is applicable to mobile radio reception in general scattering environments. We give expressions for the autocorrelation and power spectral density (PSD) of the channel fading process and demonstrate the generality of the model by applying it to different non-isotropic scattering scenarios.
The assumption of uniform PAS resulted in closed form expressions for the statistics of the channel in [1] .
For non-uniform PAS, the resulting expressions for the statistics of the channel are not in closed form [3] . A quadratic form for the probability distribution function (pdf) of the AOA proposed in [4] resulted in a closed form expression for the correlation of the complex envelope of the received signal in a non-isotropic scattering environment. In [5] , von Mises distribution was used to model the pdf of AOA and effects of non-isotropic scattering on the correlation properties and velocity estimation in a Rician fading channel were discussed. In practice, PAS under non-isotropic conditions has also been shown to be well modelled by truncated Laplacian, truncated Cosine, and truncated Gaussian distribution [6] . Some of the other work related to mobile fading channels are [7] [8] [9] .
The assumption of uniform PAS introduces small errors on the first order statistics of the received signal but a significant error on the second order statistics [10] , like correlation function or, equivalently, PSD, and level crossing rates or, equivalently, the fading rate. There are certain communication system parameters like the estimation of vehicle velocity [5] for handoff decisions and the achievable information rates [11] without channel state information (CSI) that depend on the correlational properties of the received signal. It is, therefore, of some interest to develop a model that accurately models the statistics of the mobile Rayleigh fading channel in isotropic and non-isotropic scattering environments. In this sequel we use the term generalized Rayleigh fading to denote Rayleigh fading in general scattering environments.
The main contribution of this paper is the generalization of the Clarke model of mobile radio reception to generalized Rayleigh fading. This model can be used for the accurate performance prediction and evaluation of a communication system in generalized Rayleigh fading. Using the proposed generalized model, the impact on channel statistics of different parameters like the mobile direction of travel, mean angle of arrival (AOA) and the angular spread of the scattering environment can be accurately determined.
The rest of the paper is organized as follows. In Section II, we develop a generalized discrete time Rayleigh fading model and derive expressions for the autocorrelation and the PSD. In Section III, we show that the Clarke's isotropic scattering model is a special case of this generalized model. In Section III, we also analyze the effects of non-isotropicity and mobile velocity on the channel statistics. Some of the possible applications of the model are described in Section IV. Finally, the conclusions are drawn in Section V.
Throughout the paper, the following notation will be used: Bold lower (upper) letters denote vectors (matrices).
The superscript * denotes the conjugate transpose. (·) represents the real part operator. The notation E {·} denotes the mathematical expectation and the symbol represents integration over a circle.
II. CHANNEL MODEL
We consider a downlink transmission system where the transmitter is stationary while the receiver is moving with some speed |v| at an angle of φ v with respect to the x-axis, where v ≡ (|v|, φ v ) is the velocity of the mobile as shown in Fig. 1 . We assume that the scatterers are distributed in the far-field from the transmitter and receiver antennas. We also assume that the channel between the transmitter and the mobile receiver is a strictly bandlimited, flat-fading (frequency non-selective), wide-sense stationary, zero mean circularly symmetric Gaussian fading process.
Continuous-Time Model
The baseband-equivalent received signal y(t) at time t in continuous-time form is given as
where x(t) ∈ C and y(t) ∈ C denote the channel input and the corresponding output at time instant t, respectively. The additive noise n(t) is modeled as a zero-mean circularly symmetric 1 complex Gaussian white noise process with E n(s)n † (t) = δ(s − t) where δ(·) is Dirac's delta function. The fading process h c (t)
is modeled as a wide-sense stationary zero-mean circularly symmetric complex Gaussian process with unit
The input has variance E x(t)x † (t) = 1. Equation (1) is normalized in such a way that ρ represents signal-to-noise ratio (SNR). We have the following remarks:
1) Channel variations in a mobile fading channel are caused by the relative movement between the mobile and scatterers. Since this relative movement is always limited due to physical limitations, the channel process can be assumed to be bandlimited.
2) The assumption of zero-mean complex Gaussian channel fading process implicitly assumes that the scattering is rich enough with roughly equally strong paths with independent phases rectangularly distributed on [0, 2π), so that the central limit theorem applies.
3) The assumption of circular symmetry of the channel fading process implies that the pseudo-autocorrelation [14] is identically zero, and , therefore, the fading process is completely characterized by its complex autocorrelation.
4)
Our approach is similar to that employed in [15] for space-time MIMO channel model with some important differences. First, unlike [15] which considers continuous time fading process, we employ a discrete time channel model. Secondly, we assume that the channel fading process is wide-sense stationary which is a much milder requirement than the channel fading process to be ergodic as implicitly assumed in [15] .
Discrete-Time Model
If the output y(t) is processed through a matched filter 2 , we get the following discrete-time model to denote sampled channel process for notational convenience. We assume that symbol duration is T s . The 1 The circular symmetry of a complex random process implies that the real and imaginary parts of the random process are uncorrelated and zero-mean. In case of a circularly symmetric Gaussian random process, the circular symmetry also implies that the real and imaginary parts of the process have equal variances, are jointly Gaussian and, hence, are independent of each other [12] , [13] . 2 The matched filter is optimal for a white Gaussian channel but is suboptimal, in general, for fading channels. We still have considered matched filter because it is commonly employed in many practical communication systems. We assume that the filter is matched to the symbol rate and the output of the filter is sampled at the end of the symbol period. Moreover, it is customary to normalize the filter response to have unit-energy over the duration of the symbol.
continuous-time and discrete-time models ((1) and (2) respectively) are related through the following:
where Φ(·) in (6) is the covariance of the continuous channel process, h c (t). Equations (3)− (6) are based on the facts that matched filter is an integrator, the output of the filter is sampled at the end of the each symbol interval T s and discrete-time input, output, noise and channel processes must be normalized to have the same (co)variances as their continuous-time counterparts. It is to be noted that while most of the material on channel modeling deals with continuous-time model, we have chosen to work in the discrete-time domain, firstly, because the two domains are equivalent as long as the matched filter output is sampled at least at the Nyquist rate corresponding to rate of channel variation (for an idea of equivalence between continuous-time and discrete-time models please see [17] ). Secondly, whenever it comes to practical implementation of the model, discrete-time models are computationally more efficient. There are some instances in literature of discrete-time modeling e.g., see [18] and references therein. Equation (2) can be obtained as a special case of the discrete-time triply (i.e., time-frequency-space) selective model of [18] .
With no loss of generality, let the mobile be at some arbitrary point 'O' at the signaling instant j . Thus, at the signaling interval j = j + k, the mobile will be at the point (|v|ηkT s , φ v ) with respect to 'O', where T s is the symbol duration, η = 2π/λ is the free space phase constant, λ is the wavelength, and k is an integer, which represents the time lag. Assume that the scattered signals are impinging on the mobile receiver from all directions on the 2D (horizontal) plane. Let f (β) be the scattering gain at the origin due to the signals arriving from the direction β with respect to the x-axis (see Fig. 1 ). Then we write the channel gain as
whereβ ≡ (1, β) represents a unit vector along the direction β, '·' is the scalar product between two vectors and i = √ −1. Note that the factor exp(iηjT s v ·β) in ( (7)) reflects the phase delay of the incoming signal from the direction β at the mobile receiver with respect to the origin.
It is crucial to highlight an important conceptual difference between our approach and that used in [1] for modelling mobile radio reception. In [1] , firstly, a probability of arrival of waves is associated with each direction in the azimuth. Secondly, the complex scattering gain, f (β), from a certain direction of arrival is also random.
In this contribution, we essentially assume that there is no probability distribution associated with AOA i.e., waves are assumed to be impinging on the mobile receive antenna from all the directions in the azimuth. Only the complex random scattering gain, f (β), is assumed to be random and has, associated with it, a probability distribution. An azimuth direction with zero associated probability of arrival of wave is equivalent to a direction with waves assumed to be impinging from that particular direction but zero complex scattering gain. In other
p l a n e w a v e words, our approach is a simplified yet equivalent form of that employed in [1] but proves more convenient, as we would see, for arriving at a generalized Rayleigh fading model for mobile radio reception.
A. Autocorrelation of the Channel Fading Process
Using (7) we write the correlation between the channel gain at the signaling intervals j and j as
where E {·} stands for mathematical expectation. Assuming that the scattering gain from two distinct directions are uncorrelated and are zero mean [3] , i.e.,
where δ is the Dirac delta function. Making use of (9) in (8) , we can write
where k = j − j and
normally termed as the angular power distribution of the received signal. Thus Ψ(β) is the average power received from the direction β.
Notice that Ψ(β) and exp iηT s k v ·β are both periodic in β with period 2π. We can, therefore, express Ψ(β) using Fourier series form as follows:
where γ m are the Fourier series coefficients. Also we can express the factor exp iηT s k v ·β in Fourier series [19, page 67] form (also known as Jacobi-Anger expansion) as
where ξ m are the Fourier series coefficients and J m (·) is the Bessel function of integer order m. Using (12), (13) and the convolution property 4 of the Fourier series, (8) can be written as
where the inner summation in the first equality represents the convolution of the Fourier series coefficients γ m and δ m , the third equality is the result of the following fact: (14) can be rewritten as
Equation (15) 
B. Spectral Density of the Channel Fading Process:
Using the well-known Wiener-Khintchine theorem [21] , we obtain the PSD of the fading process by taking discrete-time Fourier transform (DTFT) of (15) as follows:
where ω ∈ [−π, π] is the continuous radian frequency variable. We simplify (16) in Appendix A to obtain
where 
where (·) is the real part of the argument. Equation (18) clearly shows that the PSD is real-valued as expected.
C. Truncation of series expansions
Equations (15) and (18) Since the argument of J m (kω D ) depends on the lag variable k, the approximation would also depend on k for a fixed normalized fading rate.
ii) The Fourier coefficients γ m must decay with m for Fourier series to be convergent (see e.g., [23] ).
The rate of decay depends on the smoothness of the function which is, in turn, related to the number of continuous derivatives of the function. In fact, the Fourier coefficients of an analytic (infinitely differentiable) function decay exponentially with m. Fourier coefficients of a Gaussian distribution, for example, decay exponentially with m, and decay polynomially for Laplace distribution [24] . The
Fourier coefficients for a uniform distribution decay as 1/m. In all these cases, the Fourier coefficients tend to zero 5 with m. The rapid the decay of the Fourier series coefficients, the less the number of Fourier modes (γ m ) with significant contribution and vice versa.
For small k, the fact (i) above is useful in approximating (15) As k increases, the number of Fourier coefficients that are "allowed" to contribute also increases. In the limit k → ∞, the number of Fourier modes that contribute to (15) also approaches infinity. This is where the fact (ii) comes into effect. Due to the decay (e.g., exponential for a Gaussian distribution)
of γ m with m, the values of γ m become increasingly small so that there must exist some finite m 0 such that γ m ≈ 0 for all |m| > m 0 . We can , therefore, truncate the infinite summation in (15) to a summation over |m| = m 0 terms. 5 The Delta distribution is an exception to this behavior. The Fourier coefficients of a Delta distribution do not tend to zero at all, indicative of the fact that it is not an ordinary function and its Fourier series does not converge in the standard sense. 
III. EFFECT OF NON-ISOTROPICITY AND MOBILE VELOCITY ON CHANNEL STATISTICS
Equations (15) and (18) give the second order channel statistics, namely autocorrelation and power spectral density (PSD) for any 2D scattering environment around the receiver. For illustration purposes, throughout this section, we consider the so-called uniform limited scattering scenario, i.e., scattered waves are arriving uniformly from an angular sector as shon in Fig. 2 . For this case, we have
where β 0 is the mean angle of arrival, β is any other angle of arrival, and 2 r is the angular spread of the uniform limited scattering arrival signals as illustrated in Fig. 2 . The values of γ m for this distribution were Using (20) in (15) and (18), we can write the autocorrelation and the PSD respectively, as
In the rest of this section, we first show that the classical Clarke model is a special case of the generalized Clarke model introduced in this contribution. We then explore the effect of the non-isotropicity and mobile velocity on channel autocorrelation and PSD.
A. Clarke's model as a special case
When ∆ r = π, i.e., when the scattered power is uniformly distributed over the full azimuth plane around the mobile receiver, it can easily be verified that (21a) and (21b) collapse to the following equations for autocorrelation and PSD, respectively,
which are the well-known Clarke's model [1] for 2D isotropic scattering around the receive antenna. Thus Clarke's model is a special case of the generalized model developed in this contribution. Notice that, in general, the autocorrelation in (21a) is complex valued unlike that given in (22) for isotropic scattering environment which is strictly real valued.
B. Effect of mobile velocity
For a uniform-limited scattering scenario, the effect of changing the mobile direction of travel on the autocorrelation and PSD of the received signal has been shown in Figures 3 and 4 respectively. The autocorrelation and PSD for isotropic case have also been plotted for comparison. A marked deviation from the isotropic case can be observed. The skewness of the PSD is easily observed: If the mobile is moving into the non-isotropic scattering environment, the Doppler spectrum becomes (emphasized and) concentrated towards positive Doppler frequency axis. On the other hand, the Doppler spectrum is skewed towards negative Doppler frequency axis if the mobile moves away from the scatterers. The spectrum is symmetric about the mean only when the mobile moves at right angles to the mean scattering angle.
The above discussion of the autocorrelation and PSD implicitly assumes that the direction of mobile travel is perfectly known which is usually not the case in practice. It may be of some interest to find out the autocorrelation and PSD if the mobile direction of travel is unknown at the receiver. Suppose the mobile direction of travel is equiprobable in all directions i.e., p (φ v ) = 1/2π, then, from (21a), the average autocorrelation,
and using (21b), the average PSD, Φ avg (ω) , is given by
It is not hard to see that, irrespective of ∆ r and the β 0 , the integrals in (24) and (25) are zero for all m = 0, and these two equations converge, respectively, to (22) and (23) i.e., the Clarke's isotropic case. In other words, if the mobile direction of travel is equiprobable in all directions, a non-isotropic scattering environment on average is as good as an isotropic scattering environment.
C. Effect of non-isotropicity
For a fixed direction of mobile travel, the effect of changing the degree of non-isotropicity on the autocorrelation and PSD of the fading process has been plotted in Figures 5 and 6 respectively. It can be seen from Fig.   5 that the channel fading process can have significantly higher correlation over time in non-isotropic scattering environments as compared to the isotropic scattering environment. With increasing ∆ r (or, in other words, decreasing the non-isotropicity) the correlation curves tend towards those of isotropic case. Figure 6 shows the effect of changing the degree of non-isotropicity on the PSD of the channel process.
The normalized Doppler spread seems to be directly proportional to ∆ r . For a fixed carrier frequency, the normalized fading rate f D depends directly on the mobile speed. In our case none of the parameters, except the scattering environment (∆ r ), is being changed. It can, therefore, be concluded that changing the degree of non-isotropicity is actually equivalent to changing the normalized fading rate to some effective value, f Deff .
Since the second order statistics are directly related to the normalized fading rate, this verifies the point of view of [10] that the assumption of isotropic distribution of scattered power in a non-isotropic distribution of power introduces significant errors in the second order statistics.
IV. APPLICATIONS OF THE GENERALIZED CLARKE MODEL
The generalized Clarke model presented in this contribution can be used for accurate performance evaluation and prediction of a communication system in Rayleigh fading under any scattering environment. Among many possible applications, following are some important applications of the generalized model:
• The modeling approach adopted herein to arrive at the generalized model lends itself easily to be extended to a generalized 3D Rayleigh fading environment.
• Most velocity and Doppler estimators are based on second order channel statistics. The performance of different velocity estimators in a non-isotropic Rician fading environment where the angle-of arrival (AOA) distribution is modelled by Von-Mises distribution has been evaluated in [5] . The generalized Rayleigh fading model developed herein can be extended to include the Rician component and, then, it can be used to quantify the difference in performance of various velocity estimators (designed to operate in a particular environment) in general scattering environments.
• Blind and semi-blind channel estimation and equalization techniques based on second order channel statistics have been proposed in the literature [25] . The performance of these estimators and equalizers can be predicted accurately in Rayleigh fading in any scattering environment with the help of the proposed model.
• Second order statistics based blind and semi-blind channel identification techniques have been proposed in the literature [26] . The effect of having a different scattering environment on the performance of these identification techniques can be analyzed using the generalized model. 
where
We know from the basic Fourier theory that the DTFT of a sampled process is essentially a magnitude and frequency scaled version of CTFT of the continuous-time process with 2π periodicity [20] . Making use of (26) and (27), the DTFT of the sampled Bessel function of the first kind and integer order µ is given by
where ω D = ω d T s is the maximum Doppler spread normalized by the symbol rate.
Since we are working at the baseband level, only the low pass term ( = 0) in (28) is of interest to us, i.e.,
Using (27) and (29), we can rewrite (16) to get the desired expression (17) for PSD
